Some recent developments have been accomplished by Aubert and Przebinda [1] , who gave a wide and detailed description of the Weil representation attached to a symplectic group over a finite or local field, providing explicit computations and formulae. Herman and Szechtman [4] constructed Weil representations of unitary groups attached to ramified quadratic extension of local rings (odd characteristic) by embedding these groups into a symplectic group. Dutta and Prasad [3] defined a Weil representation associated to a finite abelian group of odd order, proving that it is multiplicity free and that each irreducible component is associated to an element of a partially ordered set.
Regarding Weil representations via presentations, we may mention Vera-Gajardo [21] constructed a generalized Weil representation for the split orthogonal group O(2n, 2n) over a finite field F q with q > 3, proving its compatibility with Howe's theory of dual pairs. Gutiérrez Frez [7] constructed a generalized Weil representation of SL ε * (2, A), where A is the truncated polynomial ring F q [x]/ x m equipped with the F q -linear involution x → −x for ε = −1, whereas Gutiérrez Frez and Pantoja [9] studied the case ε = 1.
Let U(n, n)(F q 2 /F q ) denote the group of isometries of a nondegenerate hermitian bilinear form on a F q 2 -vector space of dimension 2n. In this article, we construct a generalized Weil representation for the groups U(n, n)(F q 2 /F q ) for q odd greater than 3, regarding them as an SL ε * (2, A) group for a suitable unitary ring A. For this purpose we will prove that the group has a Bruhat-like presentation, and then we will construct some data which allow us to obtain the desired representation.
The main results of the paper are summarized by the following theorems: Theorem 3.1. The quasi-split unitary group U(n, n) F q 2 /F q is isomorphic to SL −1 * (2, A n ), where A n is the full matrix ring M n (F q 2 ) equipped with the involution given by (a * ) ij = a ji .
According to [16] Theorem 15, the group SL −1 * (2, A n ) has a Bruhat-like presentation. Therefore this fact and the result above will allow us to construct a generalized Weil representation for the group. In Theorem 4.4, we construct a data (M, χ, γ, −1/q n ) for SL −1 * (2, A n ) and by using Theorem 4.4 in [8] we prove the following result. 
• ρ ht (e a ) = α(t)e at −1 ,
which we call generalized Weil representation of SL
Furthermore we address the natural question on the compatibility of our representation with the classical one given by Géradin [5] . In fact, we prove:
Theorem 6.1. The restriction of the classical Weil representation of the symplectic group Sp(E, j) to the group U(n, n) F q 2 /F q is the representation (C M , ρ) constructed in Theorem 1.2.
Specifically, the article is organized as follows. In section 2, we introduce the main concepts on generalized classical groups GL ε * (2, A), SL ε * (2, A) and a construction of Weil representations of SL ε * (2, A) attached to a data. In section 3, we verify that the quasi-split unitary group U(n, n) F q 2 /F q has a Bruhat-like presentation. In section 4, we construct a data for the group U(n, n) F q 2 /F q and we write the linear operator associated to each generator explicitly. In section 5, we give an initial decomposition of the constructed representation. Finally in section 6, we prove the compatibility of methods for the group U(n, n) F q 2 /F q and we show that the components of the initial decomposition are irreducible.
Preliminaries
In this section, we shall introduce the concepts of generalized classical groups GL ε * (2, A) and SL ε * (2, A) attached to a unitary ring A endowed with an involution * . In addition, we also recall the method in [8] to construct generalized Weil representations of SL ε * (2, A) when a Bruhat-like presentation and a data for the group are provided.
Generalized Classical Groups
Let A be a unitary ring with an involution a → a * , i.e. an antiautomorphism of the ring A of order two.
Let A × be the group of invertible elements of A, Z(A) the center of A and A ε-sym the set of all ε-symmetric elements of A, that is A ε-sym = {a ∈ A | a * = −εa}. The involution on A induces an involution on the full matrix ring M(2, A), namely (g * ) ij = (g ji ) * . For ε = 1 or ε = −1 in A we set
We write M L ε * (2, A) to denote the set of matrices in M(2, A) such that g * JgJ with entries in A that satisfy the following equalities:
Weil Representation for SL ε * (2, A)
Let A be a unitary ring with an involution * . We set
Definition 2.4. Let A be a unitary ring equipped with an involution * . We will say that SL ε * (2, A) has a Bruhat-like presentation if it is generated by the above elements with defining relations:
4. wh t = h t * −1 w;
Let us suppose that the involutive ring A is finite and that the group G = SL ε * (2, A) has a Bruhat-like presentation.
Definition 2.5. Let M be a finite right A-module and let us consider a bi-additive map χ :
× and a complex number c. We will say that (M, χ, γ, c) is a data for SL ε * (2, A) if the following properties hold:
(c) χ(x, y) = 1 for any x ∈ M ⇒ y = 0.
For all s, s
3. A complex number c such that c 2 |M | = α(ε), and for all s ∈ A ε-sym ∩ A × the following equality holds:
We present now a theorem due to Gutiérrez Frez, Pantoja and Soto-Andrade which gives a method to construct Weil representations for SL ε * (2, A) when a Bruhat-like presentation and a data (M, χ, γ, c) for the group are provided. Theorem 2.6. Let us assume that SL ε * (2, A) has a Bruhat-like presentation. If (M, χ, γ, c) is a data for the group then there exists a (linear) representation (C M , ρ) of SL ε * (2, A) defined on the generators by:
× and e a the Dirac delta function at a, defined by e a (u) = 1 if u = a and e a (u) = 0 otherwise.
This representation is called generalized Weil representation of SL ε * (2, A) associated to the data (M, χ, γ, c).
In what follows we introduce the unitary group U(n, n) F q 2 /F q attached to a unitary space over a finite field. We also show that this group can be regarded as a generalized classical group SL −1 * (2, A) for a suitable involutive ring defined in the previous section.
Let K = F q 2 be a quadratic extension of the finite field k = F q , where q is odd. Let us denote λ → λ the nontrivial k-automorphism of K. For y = (y 1 , y 2 , ..., y l ) ∈ K l , we put y * = (y 1 , y 2 , ..., y l ) t , where t denotes the transposition.
We consider the K-vector space F = K 2n whose elements are row vectors. We define the hermitian form h : F × F → K given by h(x, y) = xJ + y * , where
In 0 . Since all nondegenerate hermitian bilinear forms over a finite field are equivalent [6] , we can see the quasi-split unitary group U(n, n)(K/k) as the isometry group of the form h.
Henceforth we will use A n to indicate the the full matrix ring M n (K) endowed with the involution * defined by (a * ) ij = a ji .
Theorem 3.1. The quasi-split unitary group U(n, n)(K/k) is isomorphic to SL
Proof. SL −1 * (2, A n ) is the group of isometries of the nondegenerate skew-hermitian form i given by i(x, y) = xJ − y * , where J − = 0 In −In 0 . According to [2] there is λ ∈ K × such that λ · i is a nondegenerate hermitian form and therefore λ · i is equivalent to the form h above. Thus SL
According to [16] Theorem 15 and the result above, the group U(n, n)(K/k) has a Bruhat-like presentation when q > 3. So we will construct a data for this group in order to obtain a generalized Weil representation of U(n, n)(K/k).
4 Data for SL
The goal in this section is to construct a concrete data for the group U(n, n)(K/k) = SL −1 * (2, A n ). This will allow us to get a generalized Weil representation of SL −1 * (2, A n ) by using the method via presentation given in section two.
Let V be the K-vector space given by K n . We consider the pairing , : V × V → K given by:
We observe directly that this pairing is nondegenerate. We also see that xa, y = x, ya * , for any a ∈ A × n .
Let M = V be the right A n -module with the A n -action given by the right multiplication. Let us denote by sgn the unique nontrivial character of K × whose square is trivial. Let ψ be a nontrivial character of K
We consider the bi-additive function χ : M × M −→ C × given by χ((x, y)) = ψ( x, y ) and the linear character of A × n given by
We show then the following result.
Proposition 4.1. The map χ satisfies the conditions:
1. χ((xa, y)) = α(aa * )χ((x, ya * )), for any x, y ∈ M and any a ∈ A n .
2. χ((y, x)) = χ((x, y)), for any x, y ∈ M .
χ is nondegenerate.
Proof. From definition of α we obtain α(aa * ) = 1 for every a ∈ A n . For x, y ∈ M and a ∈ A n , we see that,
1.
χ((xa, y)) = ψ( xa, y ) = ψ( x, ya * ) = χ((x, ya * )).
2.
χ((y, x)) = ψ( y, x ) = ψ(yx * ) = ψ((xy * ) * ) = ψ( x, y ).
3. Finally, we prove that χ is nondegenerate. Suppose that χ((x, y)) = 1 for all x ∈ M . If y = 0, we observe that the linear functional · , y : V −→ K is nontrivial which implies it is surjective. We consider then λ ∈ K satisfying ψ(λ) = 1, and t ∈ M such that λ = t, y . Then we get 1 = ψ( t, y ) = ψ(λ) = 1, which forces y = 0.
The corresponding properties for γ are given by,
1. From additivity of , , we see that
2. By Proposition 4.1 part 2, we have
3. From definition we see
Since ψ is an additive character of K and it is * -invariant, we obtain
For any invertible symmetric element u in A
Then we prove, Lemma 4.3. The map Q u is a nondegenerate and nonsplit k-quadratic form on K n . Furthermore, the
Proof. We observe directly that Q u (λx) = λ 2 Q u (x) for any λ ∈ k and x ∈ K n . Now, let us consider the form B u associated to Q u .
It is clear that B u is a symmetric bilinear form. To prove that B u is nondegenerate, let us suppose that B u (x, y) = 0 for all x ∈ K n . Then, for every x ∈ K n , we have x, yu ∈ {λ∆/λ ∈ k}. If y = 0, then the K-linear functional ·, yu : K n → K is surjective. Thus for any t ∈ k, there exists x 0 ∈ K n such that x 0 , yu = t which is impossible and then y = 0.
Finally, let u, u ′ be two elements in
. Since all nondegenerate hermitian forms in a finite field are equivalent and u and u ′ are invertible hermitian matrices, there exists j ∈ A × n such that juj * = u ′ . Thus
Notice that Q id is the quadratic form given by the sum of the field norm of each coordinate. In order to facilitate calculations, we will consider only Q −id and denote it by Q.
We keep considering the above notations and set
Then we should prove
Indeed, the above sum is a Gauss sum corresponding to this quadratic form on a vector space of dimension q 2n over k. Therefore the sum is −q n (see [20] ), which is the desired result.
Propositions 4.1, 4.2 and Lemma 4.3 show that:
Theorem 4.4. There exists a linear representation Aut(C M ), ρ of SL −1 * (2, A n ) ∼ = U(n, n)(K/k) defined on the generators as follows:
n and e a the Dirac delta function at a, defined by e a (u) = 1 if u = a and e a (u) = 0 otherwise. This representation is called the generalized Weil representation of SL
Proof. We see that propositions 4.1, 4.2 and lemma 4.3 proves that (M, χ, γ, c) is a data for the group SL −1 * (2, A n ). Thus according to [8] Theorem 4.4 we finally obtain the desired representation.
Initial Decomposition
In this section we obtain an initial decomposition of the Weil representation (C M , ρ) of G = SL ε * (2, A). In order to do this, we take advantage of the fact that there is a group of intertwining operators that acts naturally in C M , namely the unitary group U (χ, γ) of the pair (χ, γ). To this purpose, we lean on [8] Theorem 7.6.
At the end of this section we draw on this general decomposition for our particular case U(n, n)(K/k). In what follows, we just put U for U(χ, γ).
Following the idea of [8] , if we know the structure of the group U and the set of its irreducible representations, we can find an initial decomposition of the Weil representation in the sense that the obtained components are not necessarily irreducible. In the sequel, we make this decomposition explicit.
The group U acts (naturally) on C M via f (β.x), where β.x = β(x),for β ∈ U and x ∈ M . It follows that U acts on Aut C (C M ), explicitly we have
Arguing as in [8] we see the natural action of U on C M commutes with the action of the Weil representation
Let U be the set of the irreducible representations of U. We consider the isotypic decomposition of C M with respect to U:
we can write this decomposition in the following way:
For (V π , π) ∈ U and β ∈ U, we denote by π β the map π(β) :
by linear functions Θ :
Let us consider the Delta functions {e x | x ∈ M } and the map θ : M −→ V π such that θ(x) = Θ(e x ) for all x ∈ M . Since σ β (e x ) = e β.x , condition (1) becomes:
6 Compatibility of methods
In this last section, we address the natural question about the compatibility of methods to construct Weil representations of unitary groups. Specifically, we show that our generalized Weil representation of U(n, n) (K/k) via presentation is equivalent to the classical one constructed by Gérardin [5] .
Let us recall that the nondegenerate skew-hermitian form i on the 2n dimensional K-vector space F is given by i(x, y) = xJ − y * , where J − = 0 In −In 0 . We denote by E the underlying k-vector space F (as in [5] ), and consider the nondegenerate symplectic form j on E given by:
Then the isometry group of i, which is SL
, can be embedded into Sp(E, j). Hence we prove the following Theorem 6.1. The restriction of the Weil representation of the symplectic group Sp(E, j) to the group
Proof. We consider the following complete polarization of the space (K 2n , i): F − consists of all elements
such that x l = 0, for an l > n and F + consists of all elements x = (x l ) ∈ K 2n such that x l = 0, for an l < n. Let (C Let us note that the module M in section 4 is canonically isomorphic to F − . Thus, we identify x ∈ M with (x, 0) ∈ F − .
We take a nontrivial character ϕ of the additive group K + such that ϕ(−2λ) = ψ(λ) for all λ ∈ K + and recall that ψ is a nontrivial character of K + satisfying ψ(λ) = ψ(λ) for all λ ∈ K + . Then 1. Since h t preserves F + and F − we can use Proposition 34 in [1] to see that
(f )(x) = s(det h t | F − )f (xt).
Since x ∈ F − , the action x → xh t is just x → xt. Then det h t | F − = det(t), whence s(det h t | F − ) = α(t). We observe that γ (1) dim k (X) = 1 since dim k (X) is even and γ(1) 2 = 1. Then recalling that ψ(λ) = ψ(λ)
for all λ ∈ K we obtain, ϕ(j(xw, y)) = ϕ(i(xw, y) − i(y, xw)) = ϕ(−2xy * ) = ψ( x, y ).
Therefore both representations of U(n, n)(K/k) are equal, and the theorem follows. 
